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Abstract 

We continue the study of the center problem for the ordinary differential 
equation v' = Q>i{x)v l+1 started in [Brl]-[Br5]. In this paper we present 
the highlights of the algebraic theory of centers. 
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1 Introduction 



In this paper we describe an algebraic approach to the center problem for the 
ordinary differential equation 

£ = ]>>(*K+\ xeI T :=[0,T\, (1.1) 

1=1 

with coefficients Oj from the Banach space L°°(It) of bounded measurable complex- 
valued functions on I T equipped with the supremum norm. Condition 



sup tf\ai(x)\ < 00 (1.2) 

guarantees that (1.1) has Lipschitz solutions on It for all sufficiently small initial 
values. By X we denote the complex Frechet space of sequences a = (01,02, • • •) 
satisfying (1.2). We say that equation (1.1) determines a center if every solution v of 
(1.1) with a sufficiently small initial value satisfies v(T) = v (0). By C C X we denote 
the set of centers of (1.1). The center problem is: given a G X to determine whether 
a G C. It arises naturally in the framework of the geometric theory of ordinary 
differential equations created by Poincare. In particular, there is a relation between 
the center problem for (1.1) and the classical Poincare Center-Focus problem for 
planar polynomial vector fields 

^ = -V + F{x,y), ^ = x + G(x,y), (1.3) 

where F and G are polynomials of a given degree without constant and linear terms. 
This problem asks about conditions on F and G under which all trajectories of (1.3) 
situated in a small neighbourhood of G 1R 2 are closed. Passing to polar coordinates 
(x,y) = (r cos 0, r sin 0) in (1.3) and expanding the right-hand side of the resulting 
equation as a series in r (for F, G with sufficiently small coefficients) we obtain an 
equation of the form (1.1) whose coefficients are trigonometric polynomials depend- 
ing polynomially on the coefficients of (1.3). This reduces the Center- Focus Problem 
for (1.3) to the center problem for (1.1) with coefficients depending polynomially on 
a parameter. 

In this paper we continue the study of the center problem for equation (1.1) 
started in [Brl]-[Br5]. One of the basic objects of our approach is a metrizable 
topological group G(X) defined by the coefficients of equations (1.1) (the, so-called, 
group of paths in C°°). Modulo the set of universal centers U C C of (1.1), described 
explicitly in [Br2], the set of centers forms a normal subgroup C C G(X). By Gf(X) 
and Cf we denote the groups of formal paths and of formal centers, respectively, i.e., 
the completions of G(X) and C with respect to the metric on G(X). In this paper 
we study the algebraic properties of Gf(X) and Cf. In particular, we describe 
Lie algebras of these groups and prove that Gf(X) is the semidirect product of a 
naturally defined normal subgroup of Cf and the subgroup Gf(X 2 ) of formal paths 
in Gf(X) determined by coefficients of Abel differential equations, i.e., equations 
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(1.1) with dfc = for all k > 3. Also, we show that Cf contains a dense subgroup of 
centers generated by certain piecewise linear paths in C°°. 
The paper is organized as follows. 

Section 2 is devoted to the study of the group Gf(X) of formal paths in C°°. 

In section 2.1 we introduce a natural multiplication on the set X similar to 
the product of paths in topology. Then we define the group of paths G(X) as the 
quotient of X by an equivalence relation determined in terms of iterated integrals on 
X. We equip G(X) with a natural metric d and define the group Gf(X) of formal 
paths in C°° as the completion of G(X) with respect to d. 

The equivalence class U C X corresponding to 1 G G(X) is called the set of 
universal centers of equation (1.1). In section 2.2 we present some results of [Br2] 
on the characterization of elements from U. 

Next, in section 2.3 we will show how to embed Gf(X) in a group G of invertible 
formal power series in t whose coefficients belong to the associative algebra with unit 
/ of complex noncommutative polynomials in / and free noncommutative variables 
Xi, i e N. 

Identifying Gf(X) with its image in G we describe in section 2.4 the Lie algebra 
Cue of Gf(X) as the subset of Lie elements of the Lie algebra Cg of G. 

In section 2.5 we prove some structural theorems for G(X) and Gf(X). Namely, 
we describe the topological lower central series of these groups and their subgroups 
corresponding to closed paths in C°° in terms of iterated integrals on Gf(X). 

Finally, in section 2.6 we describe some natural subgroups of Gf(X): the groups 
Gf(X n ) generated by paths in C n and G(X ¥ ) determined over a field F C C. 

Section 3 is devoted to the study of the center problem for equation (1.1). 

In section 3.1 we gather some results from [Brl]-[Br3] on the explicit expression 
for the first return map of (1.1). 

Using this we define in section 3.2 the group Cf C Gf(X) of formal centers of 
equation (1.1). 

Then in section 3.3 we give an explicit description of the Lie algebra of Cf and 
show that Cf is the closure in Gf(X) of the group of centers C of (1.1). We also prove 
that Gf(X) is the semidirect product of a naturally defined normal subgroup of Cf 
and the subgroup Gf(X 2 ) of formal paths in C 2 (i.e., determined by coefficients of 
Abel differential equations). At the end of this section we briefly discuss the center 
problem over a field FcC. 

Finally, in section 3.4 we introduce the subgroup PL c Gf(X) of piecewise linear 
paths in C°°. We give a characterization of centers belonging to this group and show 
that the set of such centers is dense in Cf. 
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2 Group of Formal Paths 

2.1. Definition of the Group of Paths 

2.1.1. Let us consider X as a semigroup with the operations given for a = 
(ai, a 2 , • • .) and b = (h, b 2 , . . .) by 

a * b = (cli * bi, a 2 *b 2 , ■ ■ ■) G X and a -1 = (a]" 1 , a 2 \ • • •) e 

where for i G N 

J 2bi{2x) if 0<x<T/2, 
t a **WJ - I 2a,(2x-T) if T/2<x<T 

and 

(^(rr) = —ai(T — x), < x < T. 

Let C°° be the vector space of sequences of complex numbers (ci, c 2 , . . .) equipped 
with the product topology. For a = (ai, a 2 , . . .) G X by a = (5i, a 2 , . . .) : It —> C°°, 
afc(x) := Jq a k (t) dt for all fc G N, we denote a path in C°° starting at^O. The one- 
to-one map a ^ a sends the product a * b to the product of paths a o 6, that is, the 
path obtained by translating a so that jits beginning meets the end of b and then 
forming the composite path. Similarly, a -1 is the path obtained by translating a so 
that its end meets and then taking it with the opposite orientation. 



2.1.2. For a G X let us consider the basic iterated integrals 

Iii,...,i k (a) '■= ■■■ / a ik (s k ) ■ ■ ■ a h (si) ds k ■ ■ ■ ds! (2.1) 

(for k = we assume that this equals 1). By the Ree shuffle formula [R] the linear 
space generated by all such functions on X is an algebra. The number k in (2.1) is 
called the order of the iterated integral. Also, the basic iterated integrals satisfy the 
following equations (see, e.g., [H, Propositions 2.9 and 2.12]): 

fe-i 

Ii u ...,i k (a *b)= I iu ..., ik (a) + 7 m <;(") ■ h j+1 ,...,i k (b) + I h ,..., ik {b). (2.2) 

4 i k {a~ X ) = (-!)%,..,**(«)• (2-3) 

For a, b G X we write a ~ 6 if all basic iterated integrals vanish at a * b^ 1 . 
Equations (2.2) and (2.3) imply that a ~ b if and only if Ii 1 ,...,i k (a) = Ii 1 ...,i k {b) for all 
basic iterated integrals. In particular, ~ is an equivalence relation on X. By G(X) 
we denote the set of equivalence classes. Then G(X) is a group with the product 
induced by the product * on X. By n : X — > G(X) we denote the map determined 
by the equivalence relation. By the definition each iterated integral I. is constant on 
fibres of it and therefore it determines a function /. on G(X) such that I. — I. o n. 
The functions I. will be referred to as iterated integrals on G(X). These functions 
separate the points on G(X). 
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Next, we equip G(X) with the weakest topology r in which all basic iterated 
integrals Ii u ...,i k are continuous. Then (G(X),t) is a topological group. Moreover, 
G(X) is metrizable: for g, h G G(X) the formula 

d( 9 ,h)--=tl-( e 1 ^p" ( ^;V fc(/ ?Li ) (2 - 4) 

n=l ^ \ii+-+ifc=n 1 + \9) ~ 1 ii,...,i k K n )\ ) 

determines a metric on G(X) compatible with topology r (see [Br3, Theorem 2.4]). 
We mention also that G(X) is contractible, residually torsion free nilpotent (i.e., 
finite dimensional unipotent representations of G(X) separate the points on G(X)) 
and is the union of an increasing sequence of compact subsets (see [Br3]). 

By Gf(X) we denote the completion of G(X) with respect to the metric d. Then 
Gf(X) is a topological group which will be called the group of formal paths in C°°. 



2.2. Structure of the Set of Universal Centers 

By W C X we denote the set of elements a & X such that all basic iterated 
integrals vanish at a. According to (2.2), U is a sub-semigroup of X. It was shown 
in [Br2] that U C C, the set of centers of equation (1.1). We call U the set of universal 
centers of (1.1). In this section we formulate some results on the characterization of 
elements from U established in [Br2] . 

Let X k := {a = (a u a 2 , . . .) G X : a, = for all j > k}. By p k : X -> X k , 
(ai, 0,2, ■ ■ ■) i— > (ai, . . . , Ofc, 0, 0, . . .), we denote the natural projection. Clearly a EU 
if and only if Pk(a) G U for all fceN. Therefore it suffices to characterize elements 
from the sets U k :— U fl X fc . 

For a = (a±, . . . ,ak,0, . . .) G X fc consider the Lipschitz curve : It — > C fc 
determined by the formula 

A k (x):=(J* ai (t)dt,..., J*a k (t)dt), xeI T . (2.5) 

We set T fc := A fc (/ T ). 
Next, we require 

Definition 2.1 The polynomially convex hull K of a compact set K C C k is the set 

of points z G C k such that if p is any holomorphic polynomial in k variables 

\p(z)\ < max|p(x)|. 

It is well known (see, e.g., [AW]) that K is compact, and if K is connected then 
K is connected. The following basic result was proved in [Br2, Theorem 1.10]. 

Theorem 2.2 Suppose that a G U k . Then for any domain U C C k containing T k 
the path A k : It — ► U is closed and represents the unit element of the fundamental 
group 7Ti(U) of U. 
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Since A k is Lipschitz, T k is of a finite linear measure. Then according to the result 
of Alexander [A], T k \T k is a (possibly empty) pure one-dimensional complex analytic 
subset of C k \ T k . In particular, since the covering dimension of T k is 1, the covering 
dimension of is 2. Therefore according to the Freudenthal expansion theorem 
[F], T/j can be presented as an inverse limit of a sequence of compact polyhedra 
{Qkj}je~N with dimQkj < 2. Let 7i k j : T k — > Q k j be the continuous projections 
generated by the inverse limit construction. It is easy to check that Theorem 2.2 is 
equivalent to the following statement: if a <EU k , then for all j the continuous paths 
ir k j o A k : I T — > Q k j are closed and represent unit elements of -K\{Q k j). 

Let us formulate two corollaries of Theorem 2.2. In the first one we use the notion 
of a bordered Riemann surface. This is a compact connected set which consists of a 
(possibly singular) one-dimensional complex analytic space with a C 2 -boundary. 

Corollary 2.3 Suppose that a G X k is such that the corresponding set Y k belongs 
to a bordered Riemann surface S C C k . Then a G hi k if and only if the path 
A k : I T — > S is closed and represents the unit element of the fundamental group 

MS)ofs. 

The proof of Corollary 2.3 repeats literally the arguments of the proofs of [Br2, 
Corollary 1.17] and [Br5, Corollary 3.7]. Using the covering homotopy theorem one 
obtains the following reformulation of the above result. 

Let 7r : S — > S be the universal covering of S. Under the hypotheses of Corollary 
2.3, a G U k if and only if there is a closed Lipschitz path A k : It — > S such that 
A k = -n o A k . 

Example 2.4 1) Suppose that T k C C k is the image of the unit circle under a 
holomorphic embedding of its neighbourhood. Then by the result of Wermer [W] , 
T k is a bordered Riemann surface. 

(2) The assumptions of Corollary 2.3 are also fulfilled if T k belongs to a one- 
dimensional complex analytic subset of a domain U C C fe such that U = UjKj 
with Kj CC K j+1 and Kj = Kj for all j G N, cf. [Br2, Corollary 1.17]. In particu- 
lar, this is valid for a convex U . 

To formulate the second corollary of Theorem 2.2 we recall the definition of a 
Lipschitz triangulable curve, see, e.g., [Br2]. 

Definition 2.5 A compact curve C C M, N is called Lipschitz triangulable if 

1. C — L)j =1 Cj and for i ^ j the intersection Cj H Cj consists of at most one 
point; 

2. There are Lipschitz embeddings fj : [0, 1] — > M. N such that fj([0, 1]) = Cj; 

3. The inverse maps f~ l : Cj — > IR are locally Lipschitz on Cj \ {fj(0) U fj(l)}. 

The following corollary extends one of the main results of Chen [C3]. 

Corollary 2.6 Suppose that a G X k is such that Y k is a Lipschitz triangulable 
curve and Y k = Y k . Then a &U k if and only if the path A k : I T — > T k is closed and 
represents the unit element ofni(T k ). 
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Using the covering homotopy theorem one reformulates this corollary as follows: 

Under the hypotheses of Corollary 2.6, a G U k if and only if there are a Lipschitz 
triangulable curve T homeomorphic to a finite tree, a locally bi-Lipschitz map n : 
T — > T k and a closed Lipschitz path A k : I T — > T such that A k = n o A k . 

Example 2.7 (1) The condition Y k = T k is fulfilled if, e.g., T k belongs to a compact 
set K in a (^-manifold M with no complex tangents such that K = K (for the proof 
see, e.g., [AW, Theorem 17.1]). For instance, one can take as such K any compact 
subset of M = R k . 

(2) T fc is a Lipschitz triangulable curve if, e.g., A k : I T — > C k is nonconstant analytic. 

Corollaries 2.3 and 2.6 reveal a connection of the center problem for equation 
(1.1) with the so-called composition condition whose role and importance was studied 
in [AL], [BFY1], [BFY2], [Y] for the special case of Abel differential equations. 

2.3. Representation of Paths by Noncommutative Formal 
Power Series 

2.3.1. Let C(Xi,X 2 , . . .) be the associative algebra with unit I of complex non- 
commutative polynomials in / and free noncommutative variables X\,X 2 , . . . (i.e., 
there are no nontrivial relations between these variables). By C(Xl, X 2 , . . •)[[£]] 
we denote the associative algebra of formal power series in t with coefficients from 
C{X 1 , X 2 , ■ ■ .). Also, by A C C(Xi, X 2 , . . .)[[£]] we denote the subalgebra of series / 
of the form 

/ = cb/+f;( E c n _ lk X n ...xAt n (2.6) 

n=l \ii+...+ik=n J 

with c , £ C for all ii, . . . , i k , k e N. 

Remark 2.8 Let 5 C C(X 1? X 2 , . . .) be the multiplicative semigroup generated by 
J, X l5 X 2 , . . .. Consider a grading function w : 5 — > Z + determined by the conditions 

w(7) = 0, w(Xj) =i, i G N, and w(x • y) := u»(x) + w(y) for all x,y E S. 

This splits 5 in a disjoint union S = U^q^, where S n = {s <E S : w(s) = n}. 
Now, each / e ^4 is written as 

oo 

/ = E /« tn where /„ G K := span c (S' n ), n G Z+. (2.7) 

n=0 

We equip A with the weakest topology in which all coefficients q^...^ in (2.6) 
considered as functions in / G ^4 are continuous. Since the set of these functions 
is countable, A is metrizable, cf. (2.4). Moreover, if d is a metric on A compatible 
with the topology, then (A, d) is a complete metric space. Also, by the definition 
the multiplication • : A x A — > ^4 is continuous in this topology. 
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Remark 2.9 A sequence {fk — X/r^=o fnkt n '■ fnk £ Vm ?i ^ ^+}fceN converges 
to / = J2^=ofnt n , fn £ V n , n e Z+, in the topology of „4 if and only if each 
{/fcnj-fceN converges to / n in V n naturally identified with the hermitian space 
where d(n) := #5' n . 

By G C A we denote the closed subset of elements / of form (2.6) with c = 1. 
Then (G, •) is a topological group. Its Lie algebra C G C A consists of elements / 
of form (2.6) with c = 0. (For f,g e £g their product is defined by the formula 
[/, g] ■= f ■ 9 - 9 ■ /•) Also, the map exp : £ G -> G, exp(/) := = £^° =0 £f' is a 
homeomorphism. 

2.3.2. For an element a = (ai, a2, . . .) 6l let us consider the equation 

F\x)=(j£a i (x)t i X?jF(x), xeI T . (2.8) 

This can be solved by Picard iteration to obtain a solution F a : It — > G, -F a (0) — A 
whose coefficients in expansion in Xi,X2, . . . and t are Lipschitz functions on It- 
We set 

E(a) := F a (T), a G X. (2.9) 
By the definition, see section 2.1.1, we have, cf. [CI, Theorem 6.1], 

E(a*b) = E(a) ■ E(b), a,beX. (2.10) 

Also, an explicit calculation leads to the formula 

E(a)=I + f^( £ I iu ..., ik (a)X h ...X ik )t n . (2.11) 

n=l Mfc=n / 

The last formula implies that the kernel of the homomorphism E : X — > G is the 
set of universal centers U. In particular, there is a homomorphism E : G(X) — > G 
such that E = E o tt, that is, 

%)=/+£( £ 7 I1 ,... A ( 5 )I I1 -I !l f, 3£G(4 (2.12) 

n=l \iiH h«fe=n / 

Formula (2.12) shows that £ : G(X) — > G is a continuous embedding. More- 
over, one can determine a metric d\ on ^4 compatible with topology such that 
E : (G(X),d) — > (G, di) is an isometric embedding, cf. (2.4). Therefore E is 
naturally extended to a continuous embedding Gf(X) — > G (denoted also by i?). 
By the definition, E : Gf(X) — > G is an injective homomorphism of topological 
groups and E(Gf(X)) is the closure of E(G(X)) in the topology of G. 

In what follows we identify G(X) and Gf(X) with their images under E. 
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2.4. Lie Algebra of the Group of Formal Paths 

2.4.1. Recall that each element g G Cg can be written as g = Y^=\ 9nt n , g n £ Vn, 
nGN. We say that such g is a Lie element if each g n belongs to the free Lie algebra 
generated by X 1: . . . , X n . In this case each g n has the form 

9n = E [X l2 , [ • • • , [X ik _^X ik ] ■ ■ ■ ]]]. (2.13) 

i-l+...+i k =n 

with all cn,...,i k ^ (Here the term with if~ = n is c n X ra .) 

Let L n C be the subspace of elements g n of form (2.13). It follows from 
[M-KO, Theorem 3.2] that 

dim c L n = - Yp n/d ~ 1) • M (2.14) 

a\n 

where the sum is taken over all numbers d G N that divide n, and /i : N — >{— 1,0,1} 
is the Mobius function defined as follows. If d has a prime factorization 

d = p?p?...p?, ni >o, 

then 



H{d) 



1 for d = 1 

-l) 9 if all ni = 1 
otherwise. 



By Cue we denote the subset of Lie elements of Cg- Then Ciie is a closed (in 
the topology of A) Lie subalgebra of Cg- 

Theorem 2.10 The exponential map exp : C G ~^ G maps C Lie homeomorphically 
onto G f (X). 

Thus C Lie can be considered as the Lie algebra of Gf(X). 

2.4.2. Proof of Theorem 2.10. Let log : G -> £ G , log(/) = - E~=i be 
the logarithmic map. By the definition it is continuous and inverse to the exponential 
map exp. From [C2, Theorem 4.2] and [R] follow that log maps G(X) into C-Lie- 
Since Cue is a closed subspace of Cg and log is continuous, it maps Gf(X) into C^e, 
as well. In particular, Gf(X) C exp(£ij e ). Let us prove the converse implication. 

Let J C A be the two-sided ideal of elements / of form (2.6) with Co = 0. 
By J 1 we denote the /th power of J. Let : ^4 — > =: A/ be the quotient 

homomorphism. We set X s = ^(X s ■ t s ), 1 < s < I — 1. Then for / G ^4 of form 
(2.6) we have 

i-i ( \ 

(2.15) 
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(Here I is the unit of A[.) We naturally identify A\ with the hermitian space C n ( k \ 
n(k) = dimcAi, so that qi is a continuous map. Then Gi := qi(G) C A\ is a complex 
nilpotent Lie group. 

Further, let X rect C X be the sub-semigroup of rectangular paths, i.e., elements 
a G X whose first integrals a : It — * C°° are paths consisting of segments each going 
in the direction of some particular coordinate. By G(X rect ) C G(X) we denote the 
subgroup generated by X rect . Identifying G(X) with its image in G by E we obtain 
from (2.11) that G(X rect ) is a subgroup of G generated by elements e CnXntn , c n G C, 
n G N. (In particular, G(X rect ) is isomorphic to the free product of countably many 
copies of C.) 

Proposition 2.11 The images of G(X rect ), G(X) and Gf(X) in G t coincide and 
form a complex Lie subgroup of Gi . 

Proof. We set for brevity 

Q r .= qi (G(X rect )), Q r .= qi {G(X)), Q r .= qi(G f (X)). (2.16) 

For any c G C, a — (ai, a 2 , . . .) G X by ca we denote the element (cai, c 2 a 2 , . . .) G 
X. Suppose that S C X is a sub-semigroup such that for each s G 5 and any c G C 
elements s -1 , cs belong to S. Let 5; := (qi o E o ir)(S) be the image of S in G;. By 
the definition Si is a subgroup of Gi. We will use the following 

Lemma 2.12 Si is a complex Lie subgroup of Gi. 

Proof. Let g G G(X) C ^4 be the image of an element a G X. For any c G C by 
eg G G(X) we denote the image of ca G X. If # = Y,^=o9nt n , g n G 14, see (2.7), 
then 

g ; (^) = /+E^(^n and 9,(07) : = 7 + ^ c n ■ q n (g n t n ). (2.17) 

n=l n=l 

We will naturally identify Gi with C w where X := dimcGi. 

Let X = . . . ,5%} C ^(S*) C G(X) be a finite set. We define a holomorphic 
polynomial map Fx : C k — > C w by the formula 

F^zi, . . . , z k ) := g«((^ifi'i) • • • tofc))- ( 2 - 18 ) 

Let Z K be the Zariski closure of F K (C k ) in C^. Then Z K is an irreducible complex 
algebraic subvariety of C N and Fx(C k ) contains an open dense subset of Zk (see, 
e.g., the book of Mumford [M] for the basic facts of Algebraic Geometry). By the 
definition we have 

F Kl (C* Kl ) C F K2 (C* K2 ) and Z Kl C Z K2 for K x C K 2 . (2.19) 

Let Z := UkZk where K runs over all finite subsets of Gi. Since dime Zk < X and 
all Z K are irreducible, (2.19) implies that there is a finite set K C n(S) such that 
Z K = Z. Observe that by the definition the group Si is dense in Z = Z K - Hence Z 
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is the Zariski closure of Si. In particular, Z is a complex Lie subgroup of Gi. Also, 
from the identity Z = Z K it follows that Si contains an open dense subset of Z. 
Since the topologies of the groups Si and Z are induced from that of Gi, the latter 
implies that Si — Z completing the proof of the lemma. □ 

Continuing the proof of the proposition we choose as the S in Lemma 2.12 
semigroups X rect and X. Then we conclude that Q l C Qi are complex Lie subgroups 
of Gi (in particular, they are closed subsets of G t ). Since Qi is dense in Q h see section 
2.1.2, the latter implies that Qi = Q t . 

Let be the Lie algebra of Gi. By the definition it consists of all elements of 
form (2.15) with Co = 0. Let exp : — > Gi, exp(f) := & , be the corresponding 
exponential map. Clearly we have the following commutative diagram: 

C G ^ G 
Qii I Qi (2.20) 

r exp „ 
i-d > Lrj- 

This implies that for each f E Qi the element log(/) := — Y?n=i ^~P~ belongs to 
the free nilpotent Lie algebra C l Lie C Cc t generated by elements X ± , . . . , Xj_i, i.e., 
each element g of this algebra has the form 




n, ...,ifc 



[X^X^J-.-jX^Xj ...]]] (2.21) 



n=l 



with all Cj^...^ e C, ii, . . . , ifc G {1, . . . , Z — 1}. Thus the Lie algebra £q ; := log((5j) of 
Q« is a subset of C l Lie . Next, the Lie algebra := log(Q i ) of Q l is a subset of C l Lie , 

as well. Moreover, since Q t is generated by elements e CaXa , c s E C, 1 < s < I — 1, 
its Lie algebra is generated by elements X s , 1 < s < I — 1, and therefore coincides 
with C l Lie . This implies that Cq i = C Ql = C l Lie , and Qi = Q t . 
The proof of the proposition is complete. □ 

Let us finish the proof of the theorem. Let g E Cue- Consider the elements gi : = 
qi(g) E C l Lie) I > 2. According to Proposition 2.11 there are elements fi E G(X rect ) 
such that qi(fi) = e 91 . Now, for m > I we have 

qiifm ■ fr 1 ) = Qi(fm) ■ (M))- 1 = qMmUm)) ■ e~ 91 = qi{e 9m ) • e~ 91 = e 91 • e~ g ' = I. 

Thus f m — fi E J 1 . By the definition of the topology of G this implies that the 
sequence {fi}i>2 converges in G to an element / E Gf(X), so that qi(f) = e 91 , 
I > 2. Taking here the limit as I tends to oo we get f = e 9 . This shows that 
exp(£ij e ) C Gf(X) and completes the proof of the theorem. □ 

Remark 2.13 We also established in the proof that G(X rect ) is a dense subgroup 
oiG f (X). 

2.4.3. Shuffles. 

Definition 2.14 A permutation a of {1, 2, . . . , r + s} is a shuffle of type (r, s) if 

a-\l) <a-\2) <••• <a-\r) 
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and 

<7 _1 (r + 1) < <7 _1 (r + 2) < • • • < <7 -1 (r + s). 

(The term "shuffle" is used because such permutations arise in riffle shuffling a deck 
of r + s cards cut into one pile of r cards and a second pile of s cards.) 
The following result is a corollary of Theorem 2.10. 

Theorem 2.15 An element 

f = I + f:( E c h ,..., ik X h ■ ■ ■ X ik ) t n e G 

n=l \ii + ...+i k =n J 

belongs to Gf(X) if and only if its coefficients satisfy the system of Ree shuffle 
relations: 

M ' ' , — ,ir+s = E C V(l)v,V(r + s) ' . . . , v+s £ (2.22) 



C/t ■ c 



where the sum is taken over the set of shuffles of type (r, s). 

Proof. According to the main result of Ree [R], log(/) G Cn e for / e G if and only 
if the coefficients of / satisfy equations (2.22). This and Theorem 2.10 imply the 
required result. □ 



2.5. Topological Lower Central Series of Some Groups of 
Paths 

2.5.1. In the section we describe the topological lower central series of groups 
G{X) and G f (X). 

Let G be a topological group. We set G n := [G, C n _i] and Gi = [G,G] (the 
commutator subgroup of G). For H C G by iJ C G we denote the closure of i/. 

Definition 2.16 T/ie sequence 

G D G 1 D G 2 D • • • 

is called the topological lower central series of G. 

Next, consider the family {ii lv ..,i fc } of all basic integrals on G(X), see section 
2.1.2. By the definition each function of this family admits a continuous extension 
to Gf(X). We retain the same symbols for the extended functions and call them the 
basic iterated integrals on Gf(X). Observe that if cn,...,i k '■ A — > C is the function 
whose value at / e A is the coefficient corresponding to the monomial X ix • • • X ik 
in the series expansion (2.6) of /, then Ii 1; ...,i k = Ci x ,...,i h ° E. 

Theorem 2.17 (1) An element g E Gf(X) belongs to Gf(X) if and only if all 
basic iterated integrals of order < n vanish at g. 

(2) 

G(X) n = G,(X) n nG(X). 



12 



Let us recall that the order of a basic iterated integral is the number of its indices. 
Proof. We use the notation of section 2.4.2. Since the map qi : G(X) — > Qi, 
see (2.16), is surjective, qi(G(X) n ) = (Qi) n . Moreover, since Qi is a complex 
nilpotent Lie group, (Qi) n is a complex nilpotent Lie subgroup of Q%. In partic- 
ul ar, qi(G (X) n ) = (Qi) n (because qi(G(X) n ) is dense in q l (G(X) n )). Similarly, 
qi(Gf(X) n ) = qi(Gf(X) n ) = (Qi) n . Further, the Lie algebra C l Lie _oi Qi is the free 
nilpotent Lie subalgebra of C Gl generated by elements X 1: . see (2.21). 

Then the nth term (C l Lie ) n of the lower central series of C l Lie consists of the elements 
of form (2.21) with all c ilv ,j fe = for k < n (i.e., the number of brackets in each 
term of this formula must be > n). Since the exponential map exp maps (C l Lie ) n 
surjectively onto (Qi) n , an explicit computation shows that (Qi) n C Qi consists of 
elements of form (2.15) with c = 1 and all Cj lv .. jifc = for k < n. 

Now, suppose that g G Gf(X) n . Identifying Gf(X) with its image under E we 
have 

9 = I + fl{ E c il _ ik {g)X il ...X i \t n . (2.23) 

n=l \iiH h«fe=n / 

Since qi(g) G (Qi) n for any /, formula (2.15) and the above description of (Qi) n imply 
that Cj!,...,^ (g) = for all k < n. Equivalently, all basic iterated integrals of order 
< n vanish at g. 

Conversely, assume that g G Gf(X) is of form (2.23) with c ilt ... tik (g) = for all 
k < n. Then from the description of (Qi) n and (2.15) we obtain that qi(g) G (Qi) n 
for any I > 2. Since(Q;) n = qi(G(X) n ), there are elements g\ G G(X) n , I > 2, 
such that qi{g~ l gi) = I- As in the proof of Theorem 2.10 this implies that {gi}i>2 
converges to g in the topology of Gf(X), that is, g G Gf(X) . This proves (1). 

Further, if g G Gf(X) n fl G(X), then as above there is a sequence {g}i>2 with 
gi G G(X) n such that lim^oo^ = g. Thus g G G(X) n . Since the implication 
G{X) n C G/(X) n n G(X) is obvious, we obtain the proof of (2). □ 

2.5.2. By I, C I we denote the set of elements a G X such that I s (a) = for 
all s G N, i.e., a G X* if and only if its first integral a : It —> C°° is a closed path. We 
call the image G{X*) := 7r(X*) C G(X) the subgroup of closed paths and its closure 
Gf(X*) in Gf(X) the subgroup of formal closed paths. According to Theorem 2.17, 
G(X*) = G(X) l and Gf(X*) = Gf(X) v In this section we describe the topological 
lower central series of G(X*) and Gf(X*). 

Given a — (ai, ■ ■ .) G X we define 

aAx) := / a,i(s)ds, x <E I T . (2.24) 
Jo 

By "P(A) we denote the set of functions on X x of the form 

{a h {x)) ni ■■■{a ik {x)) nk -a ik+1 {x), i u . . . , i k+1 G N, ni, . . . ,ra fc G Z+. (2.25) 
Definition 2.18 ^4 moment of order k on X is an iterated integral of the form 

m(a) :=/•••/ p fc (a; s fc ) • • -pi(a; si) • • • dsi (2.26) 

J "'0<si<---<s fe <T 
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where each pj G V(X), 1 < j < k. 

Moments of the first order play an important role in the study of the center prob- 
lem for Abel differential equations (see, e.g., [AL], [BFY1], [BFY2], [Y]). Also, it 
was proved in [Br4, Theorem 2.1] that such moments determine centers of equations 
(1.1) whose coefficients are either polynomials in e ±2mx / T or in x, a result on com- 
plexity of the set of centers for these equations. (E.g., this class contains equations 
obtained from the Poincare Center- Focus problem, see the Introduction.) 

According to the Ree shuffle formula (2.22) each moment m is a linear combi- 
nation with natural coefficients of some basic iterated integrals. In particular, there 
is a continuous function m on G(X) from the vector space generated by all basic 
iterated integrals on G(X) such that m = m o n. Thus, every such m admits a con- 
tinuous extension (denoted by the same symbol) to Gf(X). The extended function 
will be called a moment on Gf(X). By the definition the order of m is the order of 
the moment m on X representing m. 

Theorem 2.19 (1) An element g G Gf(X*) belongs to Gf(X*) if and only if all 
moments of order < n vanish at g. 

(2) 

G(X.) n = G f (X.) n nG(X.). 

Proof. We first prove the particular case of (1) for g G G{X*). Namely we will 
prove 

Proposition 2.20 An element g G G(X*) belongs to G{X if ) n if and only if all 
moments of order < n vanish at g. 

Proof. This result was stated in [Br5, Theorem 3.2]. In its proof given in [Br5] 
some details were omitted. Here we will give the complete proof of this fact. 

First, assume that g G G(X*) n . Since g represents a closed path in C°° all mo- 
ments of order < n vanish at g (see, e.g., [H] for properties of iterated integrals over 
closed paths). Since each moment is a continuous function on G(X*), by continuity 
we obtain also that for g G G(X*) n all moments of order < n vanish at g. Thus we 
must prove a converse statement. 

So assume that g G G(X*) is such that all moments of order < n vanish at g. 
We will prove that g G G(X*) n . 

For an element p = a™ 1 • • • a™ fc • ai k+1 G V(X) the number %\n\ + . . . + i^n^ + i^+i 
will be called the degree of p. Next, for a moment m on X its degree deg(m) is the 
maximum of degrees of elements pj G V(X) in its definition, see (2.26). In turn, the 
degree of the moment m on G(X) representing m is defined as degim) := deg(m). 

We retain the notation of section 2.4.2. Also, for Q h := qi(G(X)) C G t we set 
Ri '■= [Qi, Qi}- Out proof is based on the following 

Lemma 2.21 Suppose that g G G(X*) is such that all moments of order < n and 
of degree < I — 1 vanish at g. Then qi(g) G (Ri) n - 
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Proof. Let a = (ai, a-i, . . .) G X be such that 7r(a) = g. By the definitions of E, see 
section 2.3.2, and of qi, see (2.15), qi(g) is the monodromy of the equation 



H\x) = (j2 ai (x)X^j H(x), x G It- (2.27) 

This equation can be solved by Picard iteration to obtain a solution H a : It — > Gi, 
H a (0) = I, whose coefficients in expansion in Xi, . . . , are Lipschitz functions 
on I T . Then qi (g) := H a (T). We write 

H a = Hi - ■ ■ Hi_i ■ Hi where Hi : = e^ X < , 1 < i < I - 1, (2.28) 

see (2.24). Since g G G(X*), ifj(T) = I for 1 < i < I - I. This implies that 
qi(g) = H a (T) = Hi(T). From (2.28) follows that Hi satisfies the equation 



H[ = uo ■ Hi where 



1-1 



[2.29) 



lo-^F- 1 - Y, a i X A ■F-F- 1 -F\ F :=#!•.• 



.i=i 



Claim, uj is a function on I T with values in the Lie algebra C Rl of Ri 
Indeed, the first term in the definition of u is the logarithm of 



x G I T - 



By the definition of F for any x G It each term of this product belongs to Qi (see 
section 2.4.2 after formula (2.21)). Thus its logarithm belongs to the Lie algebra 
Cq 1 of Q\. Next, the second term in the definition of uj is equal to 



H^x) ■ ■ ■ H~ 1 (x) ■ a a _i(x) X s _! • H^i(x) ■ ■ ■ H s (x)^j +a l - 1 (x)X l - 1 , x G It- 



By the same reason as above, for any x G It each term of this sum belongs to Cq v 
Thus uo(x) G Cq 1 for any x G It- Observe also that from (2.29) follows that uo(x) 
considered as a polynomial in Xi, 1 < % < I — 1, does not contain linear terms. Then 
by the definition of Ri, see also the proof of Theorem 2.17, uj(x) G Cr v 
This completes the proof of the Claim. 

An explicit computation of uj based on the Campbell-Hausdorff formula shows 
that 

<"(*) = E ( E c n,-,i k (x) [X H , \X i2 , [ - - - , \X lk _ x , X ik \ --.}}} ) (2.30) 

n=l \ii+...+i k =n J 

where each cn,...,i k £ spanq(V(X)). Moreover, each term of V(X) in the definition 
of Ci u ...j k is of degree %i H V i k . 
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We set 



S:={\X il ,[X ia ,[---,\X ik _ 1 ,X ik ]---]]]^0 : h + ■ ■ ■ + i k = n, 1 < n < I - 1}, 
and arrange S into a sequence {t>i}i<j<7v, := #S. Then uj can be written as 



N 

= J2fi(x)vi, x G I T , 

i=l 



where fa G spanq(V(X)) and each term of V(X) in the definition of fa is of degree 
</-l. 

Let C[[Xi, . . . , Xn]] be the associative algebra with unit I of noncommutative 
formal power series in free variables Xi, . . . ,X^. Then there is a homomorphism 
4> : C[[X 1; . . . ,X N ]] — > A, where A is the associative complex subalgebra of A\ (see 
section 2.4.2) generated by I and v 1: . . . , t> n , determined by 4>(X,j) — v i: 1 < % < JV, 
0(7) = /. 

Next, consider the equation 



Solving this equation by Picard iteration we get a solution G : It ^ C[[Xi, . . . , X N ]], 
G(0) = I, whose coefficients in expansion in Xi, . . . ,X N are Lipschitz functions on 
I T - Also, by the definition we have <fi(G(T)) = Hi(T) = qi(g). Observe now that 

<?(T)=J + f;( £ I il _ ik (f)X il ...X ik ), 

k=l \l<h,...,i k <N ) 

cf. (2.11), where / = . . . , Jn, 0, . . .) EX. By the definition, each basic iterated 
integral Ii lt ...,i k (f) in this formula is a linear combination of moments of order k and of 
degree < I — 1 on X. In particular, by the hypothesis of the lemma, i^,...,^/) = 
for all k < n, i.e., the first sum in the definition of G(T) can be considered for 
k > n + 1 only. Further, by the Ree theorem [R] log(G(T)) is a Lie element in 
C[[Xl, . . . , X N ]\. Since the degree of each monomial in G(T) is greater than n, 

oo / 

log(G(T))= £ £ g il ,..., ik [X il ,[X i2 ,[---,[X ik _ 1 ,X ik ] ■..}}} 

k=n+l \l<ii,...,ik<N 

This implies that 

0(log(G(T))) = log(0(G(T))) = \og( qi (g)) = 



H 52 9h,...,i k [ v hA v i 2 ,[ •••]]]), 

k=n+l \l<h,...,i k <N ) 

that is, \og(qi(g)) G (£r ; )„. Since the exponential map exp maps (£#,)« surjectively 
onto (Ri) n , qi(g) G (R t ) n . 
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The proof of the lemma is complete. □ 
Let us finish the proof of the proposition. 

For an element g G G{X*) such that all moments of order < n vanish at g by 
Lemma 2.21 we have qi(g) G (Ri) n for all I > 2. Since qi maps G{X if ) surjectively 
onto Ri (see the proof of Theorem 2.10), there are elements g\ G G(X*) n , I > 2, 
such that qi{g~ l • gi) — I for all /. As in the proof of Theorem 2.17 this implies that 
lim^oo gi = g. Thus g G G(X # ) n . This completes the proof of the proposition. □ 

Using Proposition 2.20 we prove now Theorem 2.19. 

Assume that g G Gf(X*) n . Since Gj(X*) is the closure in Gf(X) of G(X*), 
Gf{X*) is the closure in Gf(X) of G(X*) n . In particular, all moments of order < n 
vanish at g (see the beginning of the proof of Proposition 2.20). 

Conversely, suppose that g G Gf(X*) is such that all moments of order < n 
vanish at g. We will prove first that qi(g) G (Ri) n , for all I > 2. 

By the Ree shuffle formula, given / > 2 each moment m of order < n and of 
degree < I — 1 on Gf{X*) can be presented as a linear combination with natural 
coefficients of basic iterated integrals (on Gf(X)) of order k < I + n — 1 

with 1 < ii, . . . ,ik < I — 1. We set s := (I + n — 1) • (I — 1) + 1 and consider 
Q s := q s (G(X)) = q s (Gf(X)) (cf. the proof of Proposition 2.11). By the definitions 
of E and q s , see (2.12) and (2.15), we have 



Since R s := [Q s , Q s ] = q s (G(X*)) = q a (G f (X*)) and g G G f (X*), there is g G G(X m ) 



such that q s (g) = q s (g)- In particular, 

Tii,...,i k (g) = Ih,...,i k (g) for all i 1 + ... + i k = m, 1 < m < s - 1. 

From this by the above description of moments of order < n and of degree < / — 1 we 
obtain that for each such a moment m on Gf(X*), m(g) = m{g). Since rh{g) = by 
our hypothesis, m(g) = 0, as well. Hence g satisfies the conditions of Lemma 2.21. 
According to this lemma, qi(g) G (Ri) n - But by our construction qi(g) = qi{g)- That 
is, qi(g) G (Ri) n - Using this and arguing as in the proof of Proposition 2.20 we find 
a sequence {g{\i>2 C G{X*) n such that lim^oo^ = g. In particular, g G Gf(X*) n . 
This completes the proof of part (1) of Theorem 2.19. The second statement of this 
theorem follows from the first one and from Proposition 2.20. □ 

In conclusion let us mention that in [Br5, section 3.3] a topological characteriza- 
tion of paths representing elements of G(X*) n is given, similar to that for elements 
of the set of universal centers U, cf. section 2.2. 

2.6. Subgroups of the Group of Formal Paths 

2.6.1. By X k C X we denote the subset of elements a = (ai, . . . , a k , 0, 0, . . .) G X. 
Then X k is a sub-semigroup of X. The first integrals of elements of X k are paths 
in C k . We set G(X k ) := Tr(X k ) C G(X) and let G f (X k ) be the closure of G(X k ) 
in Gf(X). The group Gf(X k ) will be called the group of formal paths in C k . Let 
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Pk : X — ■> X fc , Pk(ai, d2, • • •) := (ai, . . . , a^, 0, 0, . . .), be the natural projection. It 
induces a surjective homomorphism of topological groups p k : Gf(X) — > G/(X fc ). 
In particular, Gf(X) is the semidirect product of groups Ker p k and Gj(X k ). In 
turn, the homomorphism p k determines a continuous Lie algebra homomorphism 
(pk '■ C-Lie £-Lie where Cu e is the Lie algebra of Gf(X), see section 2.4.1. It is 
determined by the conditions 



{ X s if 1 < s < k 



k(X s ) : = 



if s > k. 



The image of (pk is a closed Lie subalgebra C k Lie of Cu e consisting of Lie elements 
in variables X 1? . . . ,X k and t. Identifying Gf(X) with its image under map E, see 
section 2.3.2, we obtain the commutative diagram 

C Lie ^ G f (X) 
<Pki iPk (2.31) 

C\ ie ^ G f (X k ). 

Thus C k Lie can be regarded as the Lie algebra of Gf(X k ). 

Also, analogs of Theorems 2.17 and 2.19 are valid for topological lower central 
series of Gf(X k ) and Gf(X k ) (the group of formal closed paths in C k ) where in these 
results we consider basic iterated integrals and moments on Gf(X k ), respectively. 



2.6.2. Let F C C be a field. By Xf C X we denote the subset of elements 
a E X such that 1(a) G F for all basic iterated integrals on X. Formulas (2.2) and 
(2.3) imply that Xp is a sub-semigroup of X. By G(X^) := 7t(Xf) we denote the 
subgroup of Gf(X) generated by Xw- The homomorphism E, see (2.12), embeds 
G(X-p) into the subalgebra ^4f of A, see section 2.3.1, of formal power series whose 
coefficients in expansion in J, X 1 , X 2 , . . . and t belong to F. We will identify G(X^) 
with its image under E. 

Next, by J F C ^4f we denote the two-sided ideal of elements / whose series 
expansions do not contain terms with /. By J$ we denote the fcth power of Jp. Let 
us introduce the Jp-adic topology on ^4 F , 

i.e., a sequence {/i}jgN converges 
in this topology to / e A® if and only if for any I G N there is a natural number 
Ni such that for all n > Ni the images of f n and / in the quotient algebra Aw/ 
coincide. Observe that ^4f is complete in this topology. By Gf(X^) C ^4f we denote 
the completion of G(X^) in the Jp-adic topology. We call it the group of formal 
paths over F. 

Let [Xplrect be a sub-semigroup of the semigroup of rectangular paths X rect 
generated by elements Oj = (au,a 2 i, ■ ■ ■) where = for k ^ i and an = Ci/T, 
Ci G F. Then G([X F ] reci ) is the subgroup of G(X rect ) generated by elements e CiXit \ 
C{ G F, % G N. Based on the results of sections 2.4.1 and 2.4.2 one obtains that 
G{\X^] rect ) is dense in Gf(Xf). Moreover, the Lie algebra Cue(¥) C C-Lie of G/(Xf) 
consists of all Lie elements with coefficients from F. 

In the same way one can formulate analogs of Theorems 2.17 and 2.19 for topo- 
logical lower central series of G(X ¥ ) and Gf(X ¥ ) in terms of basic iterated integrals 
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and moments on Gf(X^), respectively. (We leave the details to the reader.) 
2.6.3. In the sequel we will use the following result. 

Let R C C u e be a subset. By Ar C Cn e we denote the minimal closed Lie 
subalgebra containing R. Consider the subgroup Hr C Gf(X) (c G) generated by 
elements e cr for all possible r E R and c G C. By Hr we denote the closure of Hr 
in G f (X). 

Proposition 2.22 We have 

\og(H R ) = A R . 

Moreover, Hr is a normal subgroup of Gf(X) if and only if A R is a normal Lie 
subalgebra of C Lie- 

Proof. We retain the notations of section 2.4.2. 

Consider the image (H R ) l := qi{H R ) C Qi := qi(G f {X)). Then, (H R ) l is a 
complex Lie subgroup of Qi. It can be shown similarly to the statement of Lemma 
2.12 where instead of the map F K given by (2.18) we determine now a new map 
F K : C k -> C^, N := dim c Q b with K = {r u ...,r k }cRby the formula 

F K {z x ,...,z k ) := qi (e^---e z ^). 

Then, as in the proof of the lemma, Fx is a holomorphic polynomial map. Applying 
now the arguments of Lemma 2.12 to the family of such maps Fx, we finally get 
the required: (Hr)i is a complex Lie subgroup of Qi. In particular, we also have 
(H R ) l :=q l (H R ) = (H R ) l . 

From the above statement we obtain that \og((H R )i) C C l Lie i s the Lie algebra 
of (Hr)i (cf. (2.21)). Since log((H R )i) contains qi(R) and (H R )i is generated by 
elements e cqi ^ for all possible r e R and c G C, the Campbell-Hausdorff formula 
implies that 

log((if fl ),) = log((ff fl ),) = (2.32) 

Assume now that /i G log(iJ^). According to (2.32) there is a sequence {/i/}/>2 C 
A fi such that qi(h — hi) = for all /. This implies that lim^oo hi = h, that is, 
\og(H R ) C A R . The inclusion A fi C \og(H R ) is obtained similarly using the fact 
that \og(H R ) is a closed subset of C-L%e- 

Now, if iJfi is a normal subgroup of Gf(X), then (H R )i is a normal Lie subgroup 
of Qj. This and (2.32) imply that qi(A R ) is a normal Lie subalgebra of C l Lie (the 
standard fact of the theory of finite-dimensional complex Lie groups). Thus, if 
a G C Lie , h G A R , then qi([a,h)] = [q t (a) , qi(h)\ G q t (A R ) for all I. As above, the 
latter implies that lim^oo^/ = [a, h] for some {(?/}/>2 C Ar, i.e., [a, /i] G Ar. Hence, 

is a normal subalgebra of >C^ ie . The converse statement can be obtained in the 
same way (we leave the details to the reader). □ 

Remark 2.23 The above result can be proved by means of the Campbell-Hausdorff 
formula only. This method of the proof works also in a similar result for R C CLie(W) 
and H R C Gf(X-g) generated by elements e cr for all possible r G R and c G F. 
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3 Center Problem for ODEs 



3.1. An Explicit Expression for the First Return Map 

3.1.1. Let C[[z\] be the algebra of formal complex power series in z. By D, L : 
C[[z}] — > C[[z\] we denote the differentiation and the left translation operators de- 
fined on f(z) = ET=oCkZ k by 

oo oo 

(Df)(z) :=£(* + l)c k+1 z k , (Lf)(z) := £ c k+1 z k . (3.1) 

k=0 k=0 

Let A(D, L) be the associative algebra with unit / of complex polynomials in /, 
D and L. By A(D, L)[[t\] we denote the associative algebra of formal power series 
in t with coefficients from A(D, L). Also, by G (D, L) [[£]] we denote the group of 
invertible elements of A(D, L)[[t\] consisting of elements whose expansions in t begin 
with /. 

Further, consider equation (1.1) corresponding to an a = (a±, a 2 , . . .) G X: 

°^ = Y j a l {xW+\ XEI T . (3.2) 
ax i=1 

Using the linearization of (3.2) described in [Brl] we associate to this equation the 
following system of ODEs: 

H'(x) = ^f^a^DU-H^j H(x), x e I T . (3.3) 

Solving (3.3) by Picard iteration we obtain a solution H a : I T — > G (D, L)[[t]], 
-f^a(O) = whose coefficients in the series expansion in D,L and t are Lipschitz 
functions on I T . It was established in [Br2, Theorem 1.1] that (3.2) determines a 
center (i.e., a e C) if and only if H a (T) = I. This implies the following result (see 
[Br5, Proposition 2.1]). 

Theorem 3.1 

aeC ]T p ill ...,i fc /i ll ...,i fc (a) = for all ieN (3.4) 

«lH hifc=« 

where Pi lt ...,i k is a polynomial of degree k defined by 

Pn,...,i k {t) = (t-i 1 + l)(t-i 1 -i 2 + l)(t-i 1 -i 2 -i 3 + l)---(t-i + l), t E C. (3.5) 

3.1.2. Let G[[r]] be the set of formal complex power series f(r) = r + X^i dir l+1 . 
Let di : G[[r]] — > C be such that di(f) is the (i+l)st coefficient in the series expansion 
of /. We equip G[[r]] with the weakest topology in which all di are continuous 
functions and consider the multiplication o on G[[r]] defined by the composition of 
series. Then G[[r}} is a separable topological group. Moreover, it is contractible 
and residually torsion free nilpotent. By G c [[r]] C G[[r}} we denote the subgroup of 
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power series locally convergent near equipped with the induced topology. Next, 
we define the map P : X — > G[[r]] by the formula 

P(a):=r + f:( £ ftl> ... >ifc (i) • /^(a) J r i+ \ (3.6) 

j=l yiiH \-i k =i ) 

see (3.5). It follows from [Br3] that P(a * b) = P(a) o P(b) and P(X) = G c [[r]]. 
Moreover, let v(x;r;a), x G It, be the Lipschitz solution of equation (3.2) with 
initial value v (0; r; a) = r. Clearly for every x G It we have i> (x; r; a) G G c [[r]]. It 
was proved in [Brl] that -P(a) = v (T; •; a) (i.e., -P(a) is the first return map of (3.2)). 
In particular, we have 

a EC <=► 2 Pu,.^W-4,..^(«) = for all ieN. (3.7) 

UH Mfc=i 

Also, (3.6) implies that there is a continuous homomorphism P : G(X) — >• G[[r]] 
such that P = P o n (where 7r : X — > G(X) is the quotient map). We extend it by 
continuity to Gf(X) retaining the same symbol for the extension. 



3.2. Group of Formal Centers 

3.2.1. Let C(Xi,X 2 ) be the associative algebra with unit / of complex polyno- 
mials in / and free noncommutative variables X±, X 2 . Consider a homomorphism 
: C(Xi,X 2 ) -> A(D,L) defined by conditions: 0(Xi) := D, (f>(X 2 ) := L. Then 
Kercj) C C{X 1: X 2 ) is a two-sided ideal generated by the element XiX 2 — X 2 Xi+X%, 
see [Br2, Proposition 2.2]. In particular, see [Br2, Lemma 2.4], each p G A(D,L) is 
uniquely presented as 

n k 

p(D,L,I)=a I + J2Fk(D,L) where F k (D, L) = ]T a tk _ hk D*L k -* (3.8) 

k=l i=0 

with all a , a^^ G C. 

We say that such p has degree n if the polynomial p(x, y, 1) in commutative 
variables x, ?/ has degree n. By P n C A(D,L) we denote the complex vector space 
of polynomials of degree < n. We naturally identify P n with the hermitian space 
C k ( n ) where k(n) = dim^P n . 

Let A* C ^4(D, be the subalgebra of series 

oo 

f = J2fnt n with f n eP n , nez+. (3.9) 

n=0 

We equip A* with the weakest topology in which all coefficients /„ in expansion (3.9) 
considered as functions in / are continuous maps of A into C k( - n \ n G Z+. since 
the set of such maps is countable, A* is metrizable, cf. (2.4). Moreover, if d is a 
metric on A* compatible with topology, then (A*, d) is a complete metric space (i.e., 
a sequence {f k = £^° =0 f n kt n }ken C A such that each {/„ fc }fceN C P n is a Cauchy 
sequence converges to / = £^= / n ^ n G A where /„ = lim*^ f nk ,neZ + ). 
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By G* C Gq(D, L)[[t}} we denote the subgroup of elements / G A* with fo = I 
equipped with the induced topology. Then (G*,d) is a complete metric space. 

Next, consider an algebra homomorphism ^ : A — > A* determined by conditions 

^(Xi) := DU'\ ieN. (3.10) 

(Recall that AcC (X 1; X 2 , . . .) [[*]] is defined by (2.6).) By the definition for 

/ = c I + f; ( E cii.-.i^ii • • • *iu ) t n e A 

n=l h«fe=n / 

we have 

*(/):= col +f; ( 2 c^DL"- 1 ...^- 1 f Gi, 

n=l yiiH h«fc=n / 

Rewriting each DL 11 ^ 1 ■ ■ ■ DL tk ~ 1 in the form (3.8) (using identity DL — LD = 
— L 2 ), we conclude that \1/ is a continuous homomorphism of topological algebras. 
Moreover, V\ G : G — > G* is a continuous homomorphism of topological groups. 
(Recall that G is the subset of elements of A whose expansions in t begin with /.) 

Observe that V transfers equation (2.8) (determining E : X — > G, see (2.9)) to 
equation (3.3). In particular, we have 

*(E(a)) = H a , a G X. 

The last identity gives rise to the formula 

*(%)) = /+£( E U^" 1 "-^" 1 *". e G f (X). (3.11) 

n=l \nH \-ik=n J 

(Here, as before, we regard the basic iterated integrals /. as continuous functions on 
Gf(X) extending them by continuity from G(X).) 

3.2.2. Let us observe that the Lie algebra C Gt of G* consists of elements of A* 
of form (3.9) with f = 0. As usual, for /, <? G C Gt their product is defined by the 
formula [/, g] := / • g — g • f . Also, the map exp : C Gt — > G*, exp(/) := , is a 
homeomorphism. 

The group homomorphism ^ : G — > G* determines a continuous homomorphism 
of the corresponding Lie algebras such that the following diagram is commutative: 

C G ^ G 
VI | V (3.12) 

r exp „ 
i-G* > 

By Cs C £g* w e denote the image under \1> of the Lie algebra Cue of the group 
E(G f (X)) (= G f (X)), see section 2.4.1. 

In the calculations below we will use the following result. 
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Lemma 3.2 

[DL\DL j ] = (i- j)DL i+j+1 . 

Proof. It suffices to check the identity for elements z n G C[[z]] with n > i + j + 2. 
Then we have 

(DL i DL j )(z n ) = ( n -j-i- l)(n - j> n ^- 2 , 
(DL j DU)(z n ) = (n - % - j - l)(n - i)^ 1 -^ 2 , and 

(i - j)(DL i+ i +1 )(z n ) = (i — j)(n — i — j — l)z n ~^- 2 . 

These identities imply the required result. □ 
Now, for an element 

9= E ( E c 41 ,...,jx n , [X i2 , [ ■ ■ ■ , [X ik _^X ik \ •••]]]) t n e C Lie 

n=l \u+...+ifc=n / 

we have 

:= E ( E c il ,...,jL>^- 1 , [£>L*-\ [ • • • , [DL*^- 1 , DV kV \ ■■■]]]) t n . 

n=l \h + ...+i k =n J 

Simplifying the right-hand side by Lemma 3.2 we finally obtain 

= E ( E Cii-.A • Tu,..,^"- 1 ] i n (3.13) 

n=l \h-\ Hk=n J 

where 7„ = 1 and 

7u,...,h := (*fc-i-*fc)(*fc-i + *fc-*fc-2)---(*2H hifc-ii) for fc > 2. 

Proposition 3.3 JTie following is true: 

C s = {<? G £ G . : 9 = p 9n DL n ~H n , g n G C, n G N j . (3.14) 

Proof. By V we denote the vector space on the right-hand side of (3.14). According 
to Lemma 3.2, V is a closed Lie subalgebra of Cg, ■ Moreover, by (3.13) Cs C V. 

The converse implication is obvious: for an element g = Y^=\ 9nDL n ~H n G V 
consider g : = ££°=i £f„X n t n G £ L i e . Then ^(g) = g, i.e., g G £ s . □ 

From Proposition 3.3 and diagram (3.12) we immediately obtain: 

S :— (\& o E)(Gf(X)) is a closed subgroup of G* with the Lie algebra 

3.2.3. According to (3.11) the normal subgroup Keri^l o E) c Gf(X) consists 
of elements g such that 

E 4,.-,<fc(^) £)Lil " 1 ---- DLi *" 1 = fora11 nGN - 

uH Hk=n 
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Repeating literally the arguments of the proof of [Br5, Proposition 2.1] we obtain 
g e Ker{9 o E) ^=> £ p n ,...,,4, ..., k (g) = for all iGN (3.15) 

»iH Mfc=i 

where Vi\,...,i k is the polynomial defined in (3.5). 

Next, recall that the homomorphism P : Gf(X) — > G[[r]] is determined by 

P(9)--=r + f:[ £ Pu,.., fc «-4,.., fc (^))r m , (3.16) 

i=l \iiH h«fe=j / 

see section 3.1.2. Then from (3.15) we obtain that 

Ker(m o E) C JTerP. 
This implies that there is a homomorphism $ : S* —> G[[r]] such that 

P = $ofoi (3.17) 
Proposition 3.4 $ : S —>■ G[[r]] is an isomorphism of topological groups. 
Proof. Suppose that 



s : = exp y J2 s n DL n -H n J G 5. (3.18) 
Then, from (3.16), (3.17) we obtain 



.71=1 



oc 



$( s )= r + ]Tl J2 Pil '-^' S ^'" Si "' T \r i+1 . (3.19) 

i=l \n+-+ifc=« / 

Since the map log : S — > £5, log(/) := — X^i , is a homeomorphism, formula 
(3.19) and the definitions of topologies on S and G[[r}} imply that $ is a continuous 
homomorphism. 

Further, the expression in the brackets of (3.19) can be written in the form 
SiT+pi(siT, . . . , Sj_iT) where Pi is a polynomial of degree i with rational coefficients 
on W^ 1 . In particular, for any sequence {c^}^ C C one can solve consequently the 
equations 

SjT + pj(siT, . . . ,Sj_iT) = di, ieN, 

to get an element s of form (3.18) such that <3>(s) = r + Z^i^r 1 " 1 " 1 . Moreover, 
each Si in the definition of s is a polynomial in variables d 1 ,...,d i . This implies 
that $ has a continuous inverse $~ 1 : G[[r]] — > 5 and completes the proof of the 
proposition. □ 

Remark 3.5 The Lie algebra C s is isomorphic to the algebra Wi(l), the nilpotent 
part of the Witt algebra of formal vector fields on R, which is known to be the 
Lie algebra of (?[[?"]]. Recall that Wi(l) has the natural basis t{ := r t+1 -^, j £ N. 
Then the isomorphism w : Cs — > Wi(l) is given by w{DL 1 ^ 1 ) = — e*, % G N. 
Identifying £g with Wi(l) by u> we can regard the map $ o exp as an exponential 
mapWi(l)->G[[r]]. 
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According to (3.17) and Proposition 3.4 we have 

Ker(m o E) = KerP. 

This group is denoted by Cf and called the group of formal centers of equation (1.1). 
By the definition Cf is a closed normal subgroup of Gf(X). Moreover, Cf contains 
the subgroup C := n(C) C G(X), the group of centers of equation (1.1). 



3.3. Properties of the Group of Formal Centers 

3.3.1. In what follows we identify G/(X) and G(X) with their images under E. 
Formulas (3.15), (3.16) imply, cf. section 3.1: 

geC f ^ £ Ph,...,A,...,i k (g) = o for all ieM 

UH hife=i 

E Pii,...,i fc (0-4,..,i fc U) = for all iGN (3.20) 

iiH hife=« 

where Ph,...,i k (t) = (t-i 1 + l)(t - H - i 2 + 1) • • • (t - % + 1). 

In turn, (3.12) and (3.13) imply that the Lie algebra C £Li e of Cf consists 
of elements 

E I E C U,...,iJ^l> [^»2> [ • • • > PQfc-l^fc] •"]]] 

n=l \ji+...+i fc =n / 

such that 

E C n,-,H ' lh,-,ik = for a11 n e N where 7„ = 1 and 
ii+-+i fc =n (3 ^ 21) 

lh,...,i k — (h-i — h)(h-i + ik — h-2) • • • («2 H hifc-ii) for fc > 2. 

(In particular, the map exp : Cg — > C/ is a homeomorphism.) 
Further, by the definition we have 

C = C f nG(X). (3.22) 

Proposition 3.6 C is a dense subgroup ofCf. 

Proof. According to [Br3, Theorem 2.10] there exists a continuous embedding 
T : G c [[r}\ -> G(X) such that P o T = id. Moreover, f : G c [[r]] xC% G(X), 
T(s,g) := T(s) • (? is a homeomorphism. We extend T by continuity to a map 
Tf : Cr[[r]] — > Gf(X). Since P oT = id, similarly we have PoTf = id. In particular, 
Tf is an embedding. 

Let cl(C) be the closure of C in C/. We extend the map T by continuity to a 
map 7> : G[[r]] x c/(C) -> G f (X). Then, T)(s,#) := 7>(s) • g. Next, since f is a 
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homeomorphism and G(X) is dense in Gf(X), the map Tf is a homeomorphism, as 
well (the inverse Tj l of Tf is the extension by continuity of T _1 ). In particular, for 
g G Cf we have g = Tf(s) ■ h for some s G G[[r]], h G cl(C). This implies 

1 = P{g) = P(T f (s) ■ h) = P(T f (s)) ■ P{h) = s. 

Hence, g = h G cl(C). □ 

3.3.2. By L C Cue we denote the closed subspace of elements g = X^°=i g n X n t n ', 
g n G C, n G N. Then there is a continuous linear isomorphism A : £5 — > L 
determined by A{DL n - l t n ) := X n t n , neN. Thus, $oA = id. The map n := Ao$ : 
Cue — > L is a continuous linear projection onto L. Moreover, id — n : £^j e — > Cp 
is a continuous linear projection onto Cp . Hence U(B (id — TV) : £ Lie — > L © £c- is 
an isomorphism. Also, every element g G Z^r is presented in the form 

9 = £ ( S Qi,...,i fe ^i,..,i fc ) t n where 

n=l \ii+-+i fc =n, k>2 J (3.23) 



ii,...,ik 



'■— PQi, [Aj 2 , [ • • • , [X ifc _ 1 , ■••]]]- 7ii,...,i fc ^n- 



Recall that elements {u^,...,^ : + - • -+ifc = n, /c > 2} are not linearly independent, 
cf. (2.14). The number of linearly independent elements in this set is 



1 

n 



£(2"A* - 1) • ,x(d) ) - 1. 



Proposition 3.7 C/ is the closure in Gf(X) of the group H generated by elements 
exp(cj 1) ... jifc f iu ...,i k t l for all possible v iu „_ ;ik and c iu ,„ tik G C. 

Proof. According to Proposition 2.22, log(if) is the minimal closed Lie subalgebra 
of Cue containing all possible elements v i Ummmi i k t ll+ "' +%k . By (3.23) this subalgebra 
coincides with C^. Thus, H = Cf. □ 

Question 1. Is it true that every nontrivial element ex${ c n,...,i k v h,...,i k ^ H+ ' +lk ) 
belongs to Gf(X) \ G{X), i.e., it cannot be presented by an element from X? 

3.3.3. Let us consider a continuous homomorphism 7r 2 : Cue — > C-Lie determined 
by the conditions 



7T 2 PQ) 



Xi for % = 1, 2 

[ -^■[n 2 (X t _ 1 ),X 1 ] for *>3. 



(3.24) 



From this definition we get 



n 2 (X i )^^--[X 1 ,[X 1 ,[--.,[X 1 ,X 2 ] ■■■]]] for i > 3. (3.25) 
{1 — 2)1 " v ' 

(i— 2)— brackets 
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Therefore n 2 maps Cue surjectively onto C 2 Lie , the Lie algebra of the group Gf(X 2 ) 
of formal paths in C 2 , see section 2.6.1. 

Proposition 3.8 The kernel Ker(ir 2 ) is a subgroup of Cg- . It is the minimal nor- 
mal closed Lie subalgebra Af of £ Lie containing elements {sjf}j>3 where 

Si '■= Xi ; ■ % > 3. 

% _ 

Proof. By the definition each sfi G Ker{n 2 ). Since n 2 is continuous, Af C Ker{ji 2 ). 
Next, consider an element 

oo j \ oo 

9 = J2 E *u..,i* l X n, [*»,["•, [Xi^Xi,,] •••]]] )t n = £ 9nt n e Cue- 

n=l \h+...+i k =n J n=l 

Using (3.25) one can represent each g n as f n + h n where f n t n G Af fl (L„ • f 1 ) and 
/i„t n G £|j e fl (L n • t n ) (here L n is the complex vector space generated by all possible 
g n , see (2.14)). Then we have 



oo oo 



g = f + h where / := ]T f n t n G Af and /h^/j/^L 



n=l n=l 



In particular, 7r 2 (g) = /i. Thus 5 G Xer(7r 2 ) if and only if h = 0, i.e., <? G A/". 
Further, each stf G see (3.21). Hence Ker{jx 2 ) = Af C Cg . □ 
In the proof we have established also the natural decomposition 

Cue = Af © C 2 Lie . (3.26) 

Taking the exponential map in (3.26) we obtain the following result. 

Proposition 3.9 The group Gf(X) is the semidirect product of the normal subgroup 
exp(AT) C Cf andGf(X 2 ). Moreover, exp(AT) is the minimal normal closed subgroup 
of Gf(X) containing elements exp(QSjt l ) for all possible Sj and Ci G C. 

Proof. From the Campbell-Hausdorff formula for elements of Gf(X) using the fact 
that Af C Cue is a closed ideal we obtain for a G Af, b G C 2 Lie : 

e a+b = e a e b eCl = e a( e b e ci e -b^b = ya^yb = ^ £ 

for some c 1: c 2 , c 3 G Af. This and (3.26) give the first statement of the proposition. 

The second statement is the direct consequence of Proposition 2.22 applied to 
elements of R := {log(e a e Si 'V a ) = e a s i t i e~ a G Af : a G C Lie , i e N}. □ 

Remark 3.10 By the definition of each formal path e CiSit \ q G C, belongs to 
the subgroup of formal paths in the subspace Wi C C°° where 

Wi := {(z l7 z 2 , . . .) G C°° : z fe = for all k G" {1, i - 1, i} } = C 3 . 

In particular, there exist elements 7; G X with first integrals 77 : It — > Wj, Z G N, 
such that the sequence {7r(7/)}; e N C G(X) converges to e c<s<t \ (Recall that we 
identify G f (X) with ^(^/(X)).) 
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Let 

^2 := *| G/ (x*) = G f {X 2 ) ^S(^ G[[r}\) and P 2 := P| G/(x2) : G f (X 2 ) - G[[r}\. 
Then we have, cf. (3.17), 

p 2 = $ o tf 2 . (3.27) 

Next, we extend the homomorphism 7r 2 determined by (3.24) to a continuous 
endomorphism of the associative algebra A, see (2.6). We retain the same symbol 
for the extension. Then ir 2 maps Gf(X) surjectively onto Gf(X 2 ). Moreover, by 
Proposition 3.9, Ker{ir 2 \G f (x)) = exp(jV). 

Proposition 3.11 The following identity is valid: 

V(g) = (y 2 OTr 2 )(g) for all g G G f (X). 

Proof. Since for h G Cue we have 

m(e h ) = e* (/l) and (* 2 o n 2 )(e h ) = e ( * 2 °" 2)W , 

it suffices to check the identity of the proposition for elements of Cue- Moreover, it 
suffices to check it for elements Xi, i G N (because {Xit 1 }^ are generators of Cue)- 
In this case we have by the definitions of \& and n 2 and by Lemma 3.2 

V(Xi) = DV~ X and (* 2 ° tt 2 )(^) = DV" 1 for i = 1, 2, 
(* 2 o7r 2 )(X0 = 7 t^-[I>,[I>,[---,[I>, J DL]...]]] = J DL i - 1 for i > 3. 

(i— 2)— brackets 

This completes the proof of the proposition. □ 

From this proposition, (3.17) and (3.27) we obtain that 

P = P 2 o 7T 2 . (3.28) 

In particular, the homomorphism P 2 : Gj(X 2 ) — > G[[r]] corresponding to the first 
return maps of "generalized" Abel equations is surjective. Moreover, Proposition 
3.9 implies that Cf is the semidirect product of exp(AT) and C 2 := Cf fl G/(X 2 ) (the 
group of formal centers of Abel differential equations). 

3.3.4. It has been shown above that there is a reduction of the center problem 
for Gf(X) to that for Gf(X 2 ). In this part we prove some results on the structure 
of the group C 2 . 

First, observe that C 2 C Gf(X 2 ) is determined by systems of equations of form 
(3.20) in which all %i e {1, 2}, I e N. In turn, the Lie algebra C^ 2 of C 2 is determined 
by the system equations of form (3.21) in which also all %i G {1, 2}, / G N. 
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By L 2 C C 2 Lie we denote the closed subspace of elements g = X^°=i 9nl'nt n , g n G C, 
nGN, where r± — X±, r 2 — X 2 and 



(n-2)! 



[X 1 ,[X 1 ,[...,[X 1 ,X 2 ]...]]] for n>3. (3.29) 



(n— 2)— brackets 

By the definition, ^(^n) — DU 1-1 . Then there is a continuous linear isomorphism 
A 2 : £5 -> L 2 determined by A 2 ( J DL n ~ 1 t n ) := r n t n , n G N, such that ^ 2 M = id. 
The map IT 2 := A 2 o ty 2 : £| ie — > L 2 is a continuous linear projection onto L 2 . 
Moreover, id — U 2 : £| ie — > is a continuous linear projection onto C^ 2 - Hence, 

n 2 © (id — n 2 ) : C 2 Lie — > L 2 © is an isomorphism. (3.30) 

This implies that every element g G C^ 2 is presented in the form 

9=jt( E Ci u ...,i k li u ...,i k ) t n where all i s G {1,2}, s G N, 

n=l \ii+-+i fc =n, n>5 / (3.31) 



and h 1; ...,i k :— [A^, [X; 2 , [ • • • , [Ij^,!, 



a- J 



The elements {/j^...,^ : «i + • • • + ik — n, n > 5, i s G {1,2}} are not linearly 
independent. It follows from [M-KO, Theorem 3.1] that the number of linearly 
independent elements in this set is 

-(E(Ai /d + A 2 /d )-M^)) "I (3-32) 

71 \d\n J 

where Ai = A 2 = \x is the Mobius function, see section 2.4.1, and the 

sum ranges over all integers which divide n. 

Further, similarly to Propositions 3.7 from (3.30) and (3.31) we get 

Proposition 3.12 (1) There is a continuous map Tj : G[[r\] — > Gf(X 2 ) such 
that P 2 o Tf = id. Moreover, the map f] : G[[r\] x Cj -> G f {X 2 ) defined by 
T 2 (s,g) = T 2 (s) ■ g is a homeomorphism. 

(2) The group C 2 is the closure in Gf(X 2 ) of the group H 2 generated by ele- 
ments exp(cj 1) ... ) i fe /j 1) ... ) i fe t* 1+ "' +ifc ) for all possible k u ...,i k and Cn,...,i k £ C with 
ii, . . . ,i k G {1,2}. 

Proof. (1) We define the map T 2 by the formula 

Tf : = exp oA 2 o log o^ 1 . (3.33) 

Then T 2 : G[[r]] —> Gf(X 2 ) is continuous as the composite of continuous maps. 
Also, from (3.27) by the properties of A 2 we get 

P 2 o T 2 = $ o ^ 2 o exp oA 2 o log o$ _1 = $ o exp o^ 2 ° A 2 o log oc^ 1 = 
$ o exp oido log o$ _1 = $ o = id. 
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Now, for the map Tf : G[[r}} x C] -> G f (X 2 ), Tf(s,g) = T](s) ■ g, we define the 
map Q : G f (X 2 ) -> G[[r]] x C/ by the formula 

Q(/i) := (P 2 (/i), [(7> 2 o P 2 )(h)]- 1 ■ h). (3.34) 

The second term here belongs to C 2 because 

P 2 [(Tf(P 2 (h)))- 1 ■ h] = [(P 2 o 7J o P 2 )(h)]- 1 ■ P 2 {h) = [P 2 {h)Y l ■ P 2 {h) = 1. 

Clearly, both T 2 and Cj are continuous maps. Moreover, 

(Q o T) 2 )( S , <?) = Q(7*(a) • g) = {P 2 {T 2 {s) ■ g), [(T 2 o P 2 )(T](s) • g)}' 1 • T]{s) ■ g) = 

(s, [Tf(s)]- 1 -Tf(s).g)^(s,g). 

Thus Q is the inverse map to Tf, i.e., T| is a homeomorphism. 

(2) This statement is proved similarly to the proof of Proposition 3.7. □ 

Question 2. Is it true that there is a continuous map T 2 : G c [[r]] — > G(X 2 ) 
such that P 2 o T 2 = id? 

The affirmative answer to this question will show that each locally convergent 
series from G c [[r]] can be obtained as the first return map of an Abel differential 
equation. Moreover, as in the proof of Proposition 3.6 we will get that the group 
of centers C 2 := C 2 fl G(X 2 ) of Abel differential equations is dense in the group of 
formal centers C 2 . Also, G(X 2 ) will be homeomorphic to G c [[r]] x C 2 . 

3.3.5. In this section we briefly discuss the center problem over a field FcC. 

Let Gr [[?"]] C G[[r]] be the subgroup of formal power series with coefficients from 
F. Let ip be the normal subgroup of GV [[?"]] consisting of elements / of the form 

f(z) := z + d k+1 z k+1 + d k+2 z k+2 H . We equip G F [[r]] with {/|} feGN -adic topology, 

i.e., a sequence {/j}j e N C Gpffr]] converges to / e Gp[[r]] if and only if for any k G N 
there is a number N k e N such that for all n > N k the images of /„ and / in the 
quotient group GF[[r]]//| coincide. By G Ci f[M] C Gp[[r]] we denote the subgroup 
of locally convergent power series in Gf [[?"]] equipped with the induced topology. 

Further, consider the groups G(X%) C G/(Xp) of paths and formal paths over 
F, see section 2.6.2. According to (3.16) the homomorphism P (corresponding to 
the first return maps of equations (1.1)) maps G(Xp) and Gf(Xw) into G c ,f [[?"]] an d 
Gpffr]], respectively. Also, by the definition of topologies on G/(Xf) and Gp[[r]], 
P : Gf(Xp) — >• Gf[[^]] is a continuous homomorphism of topological groups. We set 
Cf := G(Xf) fl C and (Cp)/ := Gf(Xf) fl Cf. These groups are referred to as the 
groups of centers and formal centers over F. Then similarly to the results of the 
previous sections one can prove the following statements. 

(1) g G (Cf)/ if and only if the element g G Gf(Xf) satisfies equations (3.20). 
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(2) The Lie algebra C Cu e (W) of (Cf)/ consists of elements 

Q 1 ,...,i fe [x il , [Xj 2 , [ • • • , [x ik _^x ik ] •••]]] I r 




-ii,...,i k e ^ satisfying equations (3.21). In particular the exponential 
map exp : £^ - ► (^f)/ is a homeomorphism. 

(3) Cf is a dense subgroup of (Cf)/. 

The last statement is proved similarly to Proposition 3.6 using Theorem 2.12 
of [Br3]. This result asserts that there is a continuous embedding Tf : G^f [[?"]] — > 
G(X-p) such that /' o '/', id. In particular, from here we obtain that G(X-&) is 
homeomorphic to C .• x G Cj F[[r]] and Gf(X^) is homeomorphic to (Cf)/ x GtH 7 "]]- 

Further, one can prove a version of Proposition 3.7 (see Remark 2.23): 

(4) (Cf)/ is the closure in Gf(X^) of the group generated by elements 
exp(cj 1; ... ) j fc i> i 1 ,...,i k t ll+ "' +lk ) for all possible u^,...,^ determined by (3.23) and 

c U,...,j fc ^ F. 

For the group A/" := Kerfa), see section 3.3.3, we set A/p :— J\f C\ £ue(W)- Then 
repeating word-for-word the proof of Proposition 3.8 we obtain that 

(5) Ap is the minimal normal closed Lie subalgebra of £u e (W) containing elements 

= (Xi - • [Xi-i, Xi]) t\ i>3. Moreover, Af ¥ C and 



£-Lie(¥) = A/p © £/ 



-Lie(F) = -A/p tt> ^Lie(F) 

where £| ie ( F ) is the Lie algebra of Gf(X^) := G f (X w ) n G/(X 2 ). 
From here as in the proof of Proposition 3.9 we obtain 

(6) The group Gf(Xj) is the semidirect product of the normal subgroup exp (A/p) C 
(Cp)/ and Gf(X£). Moreover, exp(A/p) is the minimal closed subgroup of 
Gf(X^) containing elements exp(cjSjf) for all possible Sj and q G F. 

Finally, using the methods of the proof of Proposition 3.12 one can prove similar 
statements for the group (C$)f :— (Cf)/ H Gf(X%): 

(7) There is a continuous map (T F ) / : Gp[[r]] — > G/(X|) such that P 2 ° (T F ) / = id 
The map (f F 2 ) / : G F [[r]] x - G 7 (X|) defined by (f*) f (s,g) = (Tj) f (s)-g 
is a homeomorphism. 

(8) (C$)f is the closure in Gf(X$) of the group (Hf) 2 generated by elements 
exp(Q 1) ... )ife /j 1) ... i i fe f 1+ "' +lfc ) for all possible h u ...,i k defined by (3.31) and c ilv .. jifc G 
F, ii,...,i fc G {1,2}. 

The main point of the proofs of (4)-(6) and (8) is that all elements v ilj ... j i k t n+ "' +lk : 
Sit 1 and k 1 ,...,i k t ll+ "' +lk belong to Cu e (Q) (and therefore to Cu e (F) for any field F C C). 
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3.4. Group of Piecewise Linear Paths 

Consider elements g G Gf(X) of the form 

oo 

g = e h where h = Y,c i X i t i , qgC, i G N. (3.35) 

i=i 

By PL C Gf(X) we denote the group generated by all such g. It will be called the 

group of piecewise linear paths in C°°. 

Remark 3.13 We can naturally extend the semigroup X considering the set X := 
(L°°(/r)) N of all possible sequences a = (a±,a2, ■ ■ • ), ai G L°°(It), i 6 N, with the 
multiplication defined in section 2.1.1. We consider each L°°(It) with the weak* 
topology defined by L\I T ) (recall that L°°(T) = (L 1 ^))*) and equip X with 
the corresponding product topology. Then X is a dense subset of X. Moreover, 
according to [Br3, Lemma 3.2] the quotient map 7r : X — > Gf(X) is continuous and 
so is extended to a continuous map X — > Gf(X) (denoted also by ir). Identifying 
Gf(X) with its image under E, see (2.21), we obtain that PL is the image under 
7r of the sub-semigroup Xpl of X generated by elements c = (ci,C2, . . .), q G C, 
i G N. In turn, first integrals of elements of this sub-semigroup are piecewise linear 
paths in C°°. This motivates the above definition. 

The group PL contains the subgroup of rectangular paths G(X rect ), see section 
2.4.2. In particular, PL is a dense subgroup of Gf(X), see also Proposition 2.22. 
One can also show (using, e.g., Theorem 2.2) that PL is isomorphic to the free 
IR-product of groups C (i.e., the set of generators of this product has the cardinality 
of the continuum). 

By Cpl '■= Cf fl PL we denote the group of formal centers in PL. Then Cpl 
is the image in Gf(X) of the semigroup C PL C X PL consisting of all elements 
a = (cli, a2, • • •) G Xpl such that monodromies of the equations 

H'{x) = ^f^a i (x)DL i - 1 t^j H(x), x G I T , 

are trivial. 

Further, recall that there exist a continuous embedding A : C s — > L, 
L:={cE C Lie ■ c = E*=i CiXit\ a G C, i G N}, defined by A(DL n ~H n ) := X n t n , 
so that ^ o A — id, see section 3.3.2. For elements a, b G L we set 

s(a, 6):= (Ao$o log)(e a • e 6 ) G L. (3.36) 

Assume that 

oo oo 

a = aiXif, b = Y, kXif, <n, bi G C, iGl 
i=i i=i 

Using the Campbell-Hausdorff formula we have 

log(e a • e b ) = £ ( 2 & )^' \ x » A ' ' ' » ' ' ' 111 ] *" 

n=l V ii+...+j fc =n / 



32 



where each Si 1: ... t i k is a universal polynomial with rational coefficients in variables 
a h , . . . ,a ik ,b h , . . . ,b ik such that s ili ... iifc (a)J, . . . , a-*, &£, . . . , 6-*) is a homogeneous 
polynomial of degree i\ + Mfc. Then from (3.23), (3.21) we obtain 

= E ( E 7u,..,h • Su,...,i fc (o,6) ] X n t«. (3.37) 

n=l \iiH h«fc=n / 

In general, the complex vector space spanned by a, b and s(a, b) is 3-dimensional. 
Next, formula (3.17) implies that P( e s(a,6) ) = P(e a ) o P(e 6 ). In particular, 

Let us define a continuous embedding Tpl : G[[r]] — >• PL by the formula 

Tpx := exp oA o log o$ _1 , 
cf. (3.33). Then, P o Tpl = id. 

Proposition 3.14 (1) The map f PL : G[[r}} x C PL -> PL denned &y f PL (s,g) = 
Tpl(s) • g is a homeomorphism. 

(2) Cpl is generated by elements e a ■ e b ■ e~ s ( a ' b ^ for all possible a,b £ L. 

(3) Cpl is a dense subgroup ofCf. 

Proof. (1) The proof repeats literally the proof of Proposition 3.12 (1). 

(2) It follows easily from the definition of T PL and P, see (3.17), that 

T PL {P{e a ■ e b )) = e s(a ' b \ a,beL. (3.38) 
Suppose that g = g\ ■ ■ • g n G Cpl where ft = e tti , a 8 e L, 1 < i < n. We set 

fi'=P{9\---9%), l<i<n, 
where by the definition f n — 1. We also set for brevity 

c(h u h 2 ) := h ± -h 2 - e -*(M'»i).iog(h2)) > hu h2 e PL , 

Then using (3.38) we obtain 

9 = c(T PL (f 1 ),g 2 ) ■ c(T PL (f 2 ),g 3 ) ■ ■ ■c{T PL {f n _ 1 ),g n ) ■ T PL (f n ). 

Since T PL (f n ) = 1, this implies the required statement. 

(3) The proof repeats word-for-word the second part of the proof of Proposition 
3.6 and is based on the fact that PL is dense in Gf(X). □ 

Question 3. Are there nontrivial elements in the group C PL '■= CJC\PL of piecewise 
linear centers in C n ? Here := Cf H Gf(X n ). 

We will return to this question in a forthcoming paper. 



33 



References 

[A] H. Alexander, Polynomial approximation and hulls in sets of finite linear mea- 
sure in C n . Amer. J. Math. 93 (1971), 65-74. 

[AL] M. A. M. Alwash and N. G. Lloyd, Non-autonomous equations related to 
polynomial two-dimensional systems. Proc. Roy. Soc. Edinburgh Sect. A 105 
(1987), 129-152. 

[AW] H. Alexander and J. Wermer, Several Complex Variables and Banach Alge- 
bras. Springer- Verlag. New York, 1998. 

[BFY1] M. Briskin, J.-P. Francoise and Y. Yomdin, Center condition II: Parametric 
and model center problems. Israel J. Math. 118 (2000), 61-82. 

[BFY2] M. Briskin, J.-P. Francoise and Y. Yomdin, Center condition III: Parametric 
and model center problems. Israel J. Math. 118 (2000), 83-108. 

[Brl] A. Brudnyi, An explicit expression for the first return map in the center prob- 
lem. J. Differential Equations 206 (2004), 306-314. 

[Br2] A. Brudnyi, On the center problem for ordinary differential equations. Amer. 
J. Math. 128 (2006), 419-451. 

[Br3] A. Brudnyi, An algebraic model for the center problem. Bull. Sci. Math. 128 
(2004), 839-857. 

[Br4] A. Brudnyi, On center sets of ODEs determined by moments of their coeffi- 
cients. Bull. Sci. Math. 130 (2006), 33-48. 

[Br5] A. Brudnyi, Vanishing of higher-order moments on Lipschitz curves. Bull. Sci. 
Math., to appear. 

[CI] K.-T. Chen, Iterated integrals and exponential homomorphisms. Proc. London 
Math. Soc. 4 (1954) (3), 502-512. 

[C2] K.-T. Chen, Integration of paths, geometric invariants and a generalized Baker- 
Hausdorff formula. Ann. of Math. 65 (1957), No. 1, 163-178. 

[C3] K.-T. Chen, Integration of paths- a faithful representation of paths by non- 
commutative formal power series. Trans. AMS 89 (1958), 8-36. 

[F] H. Freudenthal, Uber dimensionserhohende stetige Abbildungen. S.-B. Preuss. 
Akad. Wiss. H. 5 (1932), 34-38. 

[H] R. M. Hain, The geometry of the mixed Hodge structure on the fundamental 
group. Proc. of Symposia in Pure Math. 46 (1987), 247-282. 

[M] D. Mumford, Algebraic Geometry I. Complex projective varieties. Springer- 
Verlag. New York, 1976. 



34 



[M-KO] H. Munthe-Kaas and B. Owren, Computations in a free Lie algebra. Phil. 
Trans. Royal Soc. A 357 (1999), 957-981. 

[R] R. Ree, Lie elements and an algebra associated with shuffles. Ann. of Math. (2) 
68 (1958), 550-561. 

[W] J. Wermer, The hull of a curve in C n . Ann. of Math. (2) 68 (1958), 550-561. 

[Y] Y. Yomdin, Center problem for the Abel equation, compositions of functions 
and moment conditions. Moscow Math. J. 3 (3) (2003), 1167-1195. 



35 



